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Abstract

When cylindrical rubber rods are stretched and twisted to a su*ciently large degree, they suddenly form a sharply bent
ring or “knot”, and more knots form as the rod is twisted further. This well-known phenomenon is ascribed here to an elastic
instability. As a stretched rod is twisted, the tensile stress required to maintain the stretch drops dramatically in agreement
with Rivlin’s theory of large elastic deformations (Philos. Trans. R. Soc. London Ser. A 241 (1948) 379; Rheology, Theory
and Applications, Chapter 10, Vol. 1, Academic Press, New York, 1956). The additional strain energy required to form a
ring is shown to become zero at a critical amount of torsion. In experiments on cylindrical rubber rods of various diameters,
stretched to various extents, good agreement was obtained between measured values of the amount of torsion at which a
ring formed and values predicted by this simple stability analysis, based on Rivlin’s theory.
? 2003 Elsevier Ltd. All rights reserved.

1. Introduction

When a stretched rubber rod is subjected to large
torsions, the initial torsional deformation is sud-
denly transformed at one point along the rod into
a complicated knotty state (commonly observed in
rubber-powered model airplanes). More knots form
on twisting the rod further. This transition from the
initial deformation, simple torsion, to a more com-
plex deformation state appears to be an example of an
inherent elastic instability. Experiments are described
here on rubber rods of various diameters, subjected
to large torsions superimposed on an initial stretch.
Measured stresses before the onset of the transition
are compared with Rivlin’s theoretical analysis of the
torsion of stretched rubber rods [1,2]. Considerations
of the stability of a stretched rubber cylinder under
large torsions suggest that it will undergo a transition
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at a critical amount of torsion, when part of the rod
unwinds and forms a ring while the remainder of the
rod becomes more stretched. A simple criterion is
proposed on this basis for the onset of the “knot”
transition in stretched cylindrical rubber rods. Some
observations are described of the sudden appearance
of knots on twisting rubber cylinders of various di-
ameters, stretched to various extents. The measured
critical amounts of torsion are then compared with the
theoretical predictions.

2. Experimental details

2.1. Cylindrical rubber rods

Natural rubber rods, about 500 mm in length and
with diameters of 3.4, 4.7 and 6:75 mm, were obtained
from the Atlantic Rubber Company, Littleton, MA.
The speciGc gravity of the rubber was determined by
measuring the weight of sections of the rods in air
and in ethyl alcohol, yielding a value of 1:117 g=ml,
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Fig. 1. Tensile stress–strain relations on stretching and release.
The outer curve is for a rod of 4:7 mm diameter and the inner
curve is for a rod of 3:3 mm diameter. Note that “stress” S is the
tensile force per unit of unstrained cross-sectional area.

indicating that the compound contained a signiGcant
amount of a Gller, probably clay.

2.2. Stress–strain behavior in tension

Rods were stretched to 100% or 200% at a strain
rate of 0:05 min and then returned to their original
length. Two representative stress–strain relations are
shown in Fig. 1. The initial elastic modulus (Young
modulus) was about 1:2 MPa. As can be seen, the
rubber compound is imperfectly elastic, the stresses
on removing the deformation being 15–20% less than
those required to stretch the sample. This feature af-
fects later comparisons of experimental measurements
with theoretical predictions.
It is noteworthy that the stress–strain relation begins

to turn upward at strains close to 200%, a relatively
low strain for upturn in a soft rubber compound. This
implies again that the compound contains a signiGcant
amount of an inert Gller.

2.3. Sti4ness of stretched rods under small torsional
strains

One of the rods, 300 mm long and 4:7 mm in di-
ameter, was stretched vertically to various extensions
between 1% and 200% with its ends secured in Gxed
clamps. A light horizontal wooden bar, 140 mm long
and with a weight of 4:40 g was clamped to the cen-
ter of the stretched rod. A small angular rotation in a
horizontal plane was then imposed on the wooden bar,
twisting the cylindrical rubber rod about its axis. On
releasing the bar, it oscillated freely for several sec-
onds before coming to rest. The period T of oscilla-
tions was measured with a stopwatch and the torsional
stiMness C of the system (consisting of two halves
of the rubber rod, each with an unstretched length of
142 mm) was calculated from the relation:

C = 4�2I=T 2; (1)

where I is the moment of inertia of the attached
wooden bar plus attached weights, 91:5 mg m2.

2.4. Subjecting a stretched rod to large torsions

Each rod was stretched vertically to a given exten-
sion between two clamps, the upper one attached to a
force transducer to allow continuous measurement of
the tensile force N exerted on the rubber rod. A light
horizontal bar was again attached to the center of the
rubber rod. Torsion was then applied to the two halves
of the rubber rod by rotating the attached bar (by hand)
in the horizontal plane, and monitoring the number
n=2 of half-turns imposed. The amount of torsion �
(rad/m) was calculated from the imposed rotation:

�= 2�n=L; (2)

where L is the length of one-half of the sample in the
stretched state.

3. Experimental results

3.1. Dependence of torsional sti4ness on extension

Rivlin has shown that a unique relation holds for
highly elastic materials between the torsional stiMness
M=� for small torsions applied to a stretched cylin-
drical rod and the tensile stress N=�a2 referred to the



A.N. Gent, K.-C. Hua / International Journal of Non-Linear Mechanics 39 (2004) 483–489 485

Fig. 2. Comparison of reduced torsional stiMness M ′=� (Glled sym-
bols) with reduced tensile stress S′ (open symbols) as functions
of the imposed extension.

original cross-section. The relation is independent of
the form of the strain energy function [1,2]. It takes
the form:

M=�= Na2=2(�− �−2); (3)

where M is the torque for a small torsion � and �
is the extension ratio. Experiment results obtained by
Rivlin and Saunders were in good agreement with this
prediction [3]. A comparison is shown in Fig. 2 using
the results of the present experiments. The reduced
torsional stiMness M ′=�, where M ′ =M=�a4, and the
reduced tensile stress S ′, where S ′=N=2�a2(�−�−2),
are plotted against the imposed extension for rods of
diMerent diameters stretched to extensions between 1%
and 200%. Reasonably good agreement is seen to hold
between the two quantities, in agreement with Eq. (3),
although the measured values for M ′=�, are as much
as 20% higher than S ′. Part of this discrepancy may
arise from the diMerent time scales of the two measure-
ments, the tensile force N being measured after the ex-
tension had been imposed for many minutes while the
torsional oscillations had periods of only 2–5 s. It is
also noteworthy that the elastic behavior is not in good

agreement with a simple neo-Hookean strain energy
function, for which the reduced tensile stress S ′ would
be independent of the extension [3]. Instead, as shown
in Fig. 2, S ′ at Grst decreases, and then increases, with
extension, having an average value of 0:32 MPa over
the whole range. (The observed dependence of S ′ on
extension is also incompatible with the two-constant
strain energy function, commonly referred to as the
Mooney–Rivlin form, for which S ′ is a continuously
decreasing function of extension [3].)

3.2. Change in tensile stress on torsion

As a stretched rod is twisted, the tensile stress nec-
essary to maintain the extension falls. An example is
shown in Fig. 3 where the measured tensile stress S
is plotted against the amount � of the imposed tor-
sion, both for increasing and decreasing torsion. The
stress S is seen to decrease markedly as the torsion is
increased, becoming quite small at large torsions, ap-
proaching zero when the imposed extension is small.

Fig. 3. Tensile stress S vs. torsion � for a rod of 4:7 mm diam-
eter held at an extension of 10%. Filled symbols, loading; open
symbols, unloading. Vertical arrow denotes amount of torsion �c

at which a ring formed.
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Fig. 4. Tensile stress S vs. � (amount of torsion)2 for a rod of
4:7 mm diameter held at an extension of 10%. Filled symbols,
loading; open symbols, unloading. Vertical arrow denotes amount
of torsion �c at which a ring formed.

Rivlin [1,2] predicted that the dropON in tensile stress
will be proportional to �2, and experimental mea-
surements of Rivlin and Saunders [3] conGrmed this
prediction in experiments on relatively short rubber
cylinders for values of � up to about 0:06 rad=mm.
The present experiments cover a larger range, about 10
times greater. Results are plotted as stress S vs. �2 in
Figs. 4–6. They are seen to be roughly consistent with
linear relations over the whole range, in accordance
with Rivlin’s theory. Departures from linearity can be
attributed to failure of the rubber to obey accurately
either the neo-Hookean or the Mooney–Rivlin strain
energy function, because the predicted proportionality
between S and �2 at large torsions only holds for these
particular functions—it does not hold in other cases,
for example using a diMerent two-constant strain en-
ergy function [4].

3.3. Onset of torsional instability

At a critical amount of torsion, denoted �c, the
deformation of the rod changed in character. A

Fig. 5. Tensile stress S vs. �2 for a rod of 4:7 mm diameter held
at an extension of 50%. Filled symbols, loading; open symbols,
unloading. Vertical arrow denotes amount of torsion �c at which
a ring formed.

portion of the rod started to bend into an S-shaped
curve which collapsed on further twisting to form a
horizontal ring or knot. This sequence of deforma-
tions is shown schematically in Fig. 7. Values of the
critical amount of torsion are indicated in Figs. 3–6
by vertical arrows and are listed in Table 1 for various
rod diameters and extensions.

4. Theoretical considerations

We consider the stored strain energy of the rod in
two conGgurations: (i) initially, when a simple torsion
is superimposed on a simple extension, and (ii) when
part of the rod has become a horizontal ring or knot,
the remainder of the rod being still in a state of simple
torsion and simple extension. Transformation from the
Grst to the second conGguration is assumed to occur
when the total strain energy does not change.
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Fig. 6. Tensile stress S vs. �2 for a rod of 4:7 mm diameter held
at an extension of 100%. Filled symbols, loading; open symbols,
unloading. Vertical arrow denotes amount of torsion �c at which
a ring formed.

Fig. 7. Sketch of conGgurations taken up by a twisted cylindrical
rod: (a) before the onset of instability; (b) at the onset of instability;
and (c) with a fully developed ring or knot.

For simplicity, we assume that the material follows
a neo-Hookean strain energy function, the strain en-
ergy w in an elementary volume being proportional to
the Grst strain invariant (I1 − 3):

w = C1(I1 − 3); (4)

where C1 is an elastic constant, given by �=2, where
� is the shear modulus, and the strain invariant I1 is
deGned as the trace of the left Cauchy–Green defor-
mation tensor (see for example, the review by Beatty
[5]), and is given in the present case by

I1 = �2(1 + k2) + (2=�); (5)

where k is the shear angle, equal to �r at a radius r
in the twisted rod.
Thus, for a thin tubular element of the strained rub-

ber cylinder, of radius r and thickness dr, the strain
energy dW is given by

dW = 2�LC1[�2(1 + �2r2) + (2=�)− 3]r dr: (6)

On integrating from r=0 to r=a=�1=2, the total strain
energy in the twisted rod is obtained as

W = �a2LoC1[�2 + (2=�)− 3 + �a2�2=2]: (7)

When part of the twisted rod suddenly transforms into
a ring, the number n of complete turns is reduced to
n − 1. Simultaneously, the length of the remainder
of the rod is increased by the diMerence between the
length of the portion that becomes a ring, L=n, and the
thickness of a ring, assumed here to lie in a horizontal
plane. The thickness of the ring is assumed to be equal
to the diameter of the strained rod, 2a=�1=2. Thus the
increase in length of the remainder of the rod is from
L(1 − 1=n) to L(1 − 1=n) + OL, where OL = L=n −
2a=�1=2.

We note that �= 2�n=L and therefore, as one turn
is released by formation of a ring, O� = −2�=L and
OL= 2�=�− 2a=�1=2.
The length L is unchanged, i.e., OL=0, if a horizon-

tal ring forms when the amount of torsion � becomes
��1=2=a. Thus, a portion of the rod could untwist at
this value of � with no change in extension of the re-
mainder of the rod. However, in general, formation of
a ring will cause the extension of the remainder of the
rod to change by an amount:

O�=OL=Lo = (2�=�− 2a=�1=2)=Lo: (8)
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Table 1
Comparison of critical amount of torsion with theory

Rod dia Extension ratio � Critical torsion, Critical torsion, Critical torsion, Calculated torsion
2a (mm) nc (turns) �c (rad/mm) a�c (rad) a�c (rad)

6.76 1.1 6.5 0.260 0.879 0.813
6.76 1.5 8.5 0.514 1.736 1.402

4.7 1.1 10 0.400 0.940 0.813
4.7 1.5 12 0.725 1.704 1.402
4.7 2 18.5 0.819 1.924 1.746

3.47 1.1 13.5 0.540 0.937 0.813
3.32 1.5 16 0.967 1.605 1.402
3.32 2 27 1.195 1.983 1.746

Fig. 8. Comparison of measured values of the critical torsion factor
a� with values predicted by an approximate stability analysis
(full curve): crosses: rod diameter, 3:32 mm; open triangles: rod
diameter, 4:7 mm; and squares: rod diameter, 6:76 mm.

The corresponding change OW in strain energy W of
the twisted portion of the rod is

OW=�a2LoC1 = 2(�− 1=�2)O�+ (a2=2)O(��2)

= 2[(�− 1=�2) + (a2�2=4)]O�

+(a2��)O�: (9)

Thus,

OW=�a2C1 = 4[(�− 1=�2) + (a2�2=4)]

×[(�=�)− (a=�1=2)]− 2�a2�: (10)

The right-hand side of Eq. (10) becomes zero when

4(1− 1=�3) =−(a2�2=�) + 2�(a2�2=�)

×[�− (a�=�1=2)]−1: (11)

This is an equation for the critical amount of torsion
a�c at which a ring could form without change in the
total strain energy, as a function of the extension ratio
�. The solution is plotted as a full curve in Fig. 8.

5. Comparison with experiment

Experimentally determined values of the critical
amount of torsion are given in Table 1 and plotted
against the extension ratio � in Fig. 8 for direct com-
parison with predicted values. They are seen to lie
somewhat higher, by about 20%, but otherwise follow
the general form of the theoretical predictions. The
discrepancy may be due to neglect of bending energy
in the circular ring or knot which would raise the pre-
dicted values, especially for large diameter rods, and
may make the critical amount of torsion unattainable
when the diameter is much larger. However, in view
of the wide range of dimensions considered here and
the absence of any arbitrary Gtting constants, the gen-
eral agreement seems satisfactory both for the abso-
lute magnitude of �c and for its dependence on strain,
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suggesting that the cause of the sudden formation of
knots when stretched rubber rods are twisted has been
correctly identiGed.
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